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Posner (1968) has recently discussed adecoding scheme for certain 
orthogonal and biorthogonal codes which is based on the fast Fourier 
transform on a finite abelian group. In this paper, we present an alter- 
nate approach to this problem based on the direct product of mat- 
rices. This approach is easily understood by anyone familiar with 
matrix theory, and it yields results in a form convenient for imple- 
mentation and generalization. 
I. INTRODUCTION 
Posner (1968) has recently discussed a scheme for decoding orthog- 
onal and biorthogonal Reed-Muller codes which is based on the fast 
Fourier transform on a finite abelian group. Clark and Davis (1969) 
have pointed out that the basic algorithm can be applied, at least in 
principle, to a much wider class of codes. Just as in the case of the more 
common trigonometric fast Fourier transform, the technique described 
by Posner is shown to achieve a substantial reduction in the number of 
computations which must be performed. 
In this note, we present an alternate approach to this decoding scheme 
using the direct product of matrices. This approach is based on a formu- 
lation by Pease (1968) of the ordinary trigonometric fast Fourier trans- 
form, and it should be useful to those who are familiar with matrix 
theory, but not with the theory of Fourier transforms on finite abelian 
groups. Furthermore, the direct-product formulation immediately sug- 
gests an implementation f the technique, and it expresses the results in 
a form convenient for generalization. 
One of the referees has called the author's attention to two recent 
references on related material. In  an as yet unpublished paper, Andrews 
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and Kane (1968) discuss a class of matrices which they call generalized 
kronecker matrices and which includes the class of Hadamard matrices 
discussed in this note as a special case. Whelchel and Guinn (1968) 
discuss the fast Fourier-Hadamard transform and its relationship to the 
ordinary Fourier transform, with emphasis on the representation a d 
discrimination of signals. Although the results described in the present 
note are to some extent implicit in the results contained in these two 
references, 'the specific problem considered here and the details of the 
derivations are different. In any event, the results were obtained inde- 
pendently. 
II. ORTHOGONAL CODES AND HADAMARD MATRICES 
We restrict ourselves to orthogonal codes. Extension to biorthogonM 
codes requires only a trivial modification of the discussion. 
It is well known that an Hadamard matrix can be used to construct 
an orthogonal code (Golomb, 1964). The class of Hadamard matrices 
we deal with is defined by the recursion relation 
H2= [~ _Iii, (1) 
HN = H~/~ ® H2, (2) 
where ® denotes the direct or Kronecker product (Posner, 1968) and 
N = 2 ", n = 2, 3, . . . .  For example, 
r i l l  
H4 = H2® H2 = • (3) 
1 -1  
-1  -1  
The N = 2 ~ rows of HN are orthogonal to one another, and may be 
taken as the codewords in a (2 ~, n) orthogonM code. Optimum decoding 
for the white Gaussian oise channel consists of correlating the received 
vector X with each of the 2" possible codewords and choosing as the 
transmitted word that word having maximum correlation with X. This 
set of correlations i obtained by multiplying the received signal vector 
by the matrix H~. 
If this multiplication is performed irectly, it requires N(N -- 1) 
additions. By applying the theory of Fourier transforms on finite abelian 
groups, Posner and his colleagues devised a procedure analogous to the 
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ordinary fast Fourier transform which substantially reduces the compu- 
tational effort. We present an alternate formulation of the problem in 
the next section. 
I I I .  THE  D IRECT-PRODUCT FORMULAT ION 
Our objective is to express the matrix product HNX in a form which 
leads itself to a reduction in computational effort. To illustrate the pro- 
cedure, we consider the Hadamard matrix H8. Extension of the results 
obtained for this example to the general case will be immediate. 
We first note that 
H8 = H4 ® H2 = [H4H4 -H4H4] = [H4 ~H,] [14I+ -I414] ' (4) 
where ~ is a null matrix of appropriate dimension (4 X 4 in this case) 
and I4 is the four-dimensional identity matrix. Noting that 
(5) 
= (H2 ® I2 ® 12)(12 ® H2 ® I2)(I2 ® I2 ® H2), 
where the last step follows from the fact that I4 = 12 ® 12. The result 
in (6) dearly generalizes to 
H2~ = (H2 ® 12 ® . . .  ® I~). 
(7) 
(12 ® H2 ® 12 . . .  ® I2) ---  (I2 ® 12 ® . . .  ® H2), 
for arbitrary n, where (7) has n factors. 
we can further write 
.+ )] 
~" H2 ~ I2 - 
= (/f2 ® 14)(12 ®/~2 ® I2)(14 ® H2) 
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The result in (7) can be further simplified for the purpose of imple- 
mentation by noting that if P is a permutation matrix which yields an 
"ideal shuffle," 
then 
(x° 1 
P xi I 
Lx J 
r 
X0 
X~vl2 
Xl 
= X(N+2)/f 
i 
X (~-2)/~ 
XN--1 
(8) 
Cs = H2® 12 ® 12 = 
-1 1 0 0 0 0 0 0- 
1 - -10  0 0 0 0 0 
0 0 1 1 0 0 0 0 
0 0 1 --1 0 0 0 0 
0 0 0 0 1 1 0 0 
0 0 0 .0" 1 --1 0 0 
0 0 0 0 0 0 1 1 
0 0 0 0 0 0 1 --1 
• (12)  
I2 ® H2 ® I2 ® ""  ® I2 = PCP  - i  
I2 ® I2 ® H2 ® ""  ® I2 = P2CP-2 (9) 
I2 ® I2 ® "'" ® H2 = P{~-i)cp-¢~-~), 
where 
C = H2 ® I2 ® - - .  ® I2. (10) 
Substitution of (9) and (10) into (7) yields 
H2,~ = (C) (PCP  -1) (P2CP-2) . . .  (P~-Icp-( '~-I))  = (CP)'~, (11) 
where we have used the fact that P~ = I.  
To illustrate the benefits of the faetorization of (11), we once again 
consider the case n = 3. For this case, 
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Hence, we see that the product CP involves first permuting the in- 
coming data and then adding and subtracting these permuted values in 
pairs. The permutation can be accomplished with a prewired network, 
and the additions can be performed in parallel for the different pairs of 
data. A single multiplication by C requires N additions, and this must 
be performed n times. Hence, a total of nN = N log2 N additions are 
required, a substantial savings over the N(N - 1) required when 
HNX is performed irectly. This savings is well known in connection 
with the trigonometric fast Fourier transform. 
IV. DISCUSSION 
The direct product of matrices is seen to be a useful tool in developing 
a fast computational lgorithm for decoding certain orthogonai codes. 
This procedure mphasizes the fact that the essence of the fast Fourier 
transform lies in the judicious faetorization of the matrices involved 
(Gentleman, 1968). Furthermore, it provides a convenient framework 
within which to consider possible generalization to other classes of codes 
and to related computational procedures. Finally, the form of (11) 
immediately suggests various ways to implement the decoding algorithm 
using repetitions of a single permutation etwork and a single adding 
network. Because of the highly repetitive structure, modern LSI tech- 
nology can profitably be applied to this problem. 
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